Sum of Power s of Roots

Let o4, 0z,...,a, betherootsof theequation:
f(x) = axX"+ auX" + ... +ta X +a=0 ,an# 0
We like to find the values of :
Sk:(x1k+(x2k+...+ocnk , k=1,2,...

and Tkzal_k+a2_k+---+an_k , k=12, ...
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This problem can be solved by Newton’s for mulas, which can be found in most advanced level algebra

books. However, Newton's formulas are difficult to derive and remember. This short article gives you an

interesting alternative approach to get the solution.

Since a4, 0, ...,0, areroots,therefore:

f(X) = an (x — o) (X =) ... (X— o)
Taking natural logarithm of (2),

Inff(X)|=Injag| +In|X—oz|+In|X—02|+ ... +In|X—0n
Differentiate (3) with respectto  x , we get:

f'ix) 1 . 1 1
f(x) x-a, X-o, X—a
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If the reader is not familiar with logarithm differentiation, ssmple product rule can be used to get (4).

Now apply the formulafor Infinite geometric series: %:1+X+X2 +x3 4+ (X<
-X
f'x) 1 1 1 1] 1 1 1
- + Fot == + +ot
f(x) x-a, X-a, X—o, X|q_% q_% 1= %n
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Result 1: S isthe coefficient of (—j in the expansion of m , arranging in ascending power of 1 .
X X X




frx) 1 1 1

Similarly, = + +.o4
f(x) x-o, Xx-o, X—a,
f'(x 1 1 1 1 1 1 1 1 1
Therefore - ()= ot = x +——x X
f(X) o,-X a,-X =X oy X o, g X o, - %
oy o oy
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— | e t—< 1| — [+ — | | — | +.

a4y A, Q, Q; Q,

[LJ‘F LJ +(L] +} , by (5)
1 1 1 1

:T1+T2X+T3X2+...

RO

00 , arranging in ascending powersof X .
X

Result2: Ty isthe coefficient of Xkt in the expansion of

Example 1
Let o,p betherootsof x?+2x+4=0, find

Si=a+p, S=o’+p;SK=a’+p%, S=a+pr.

Solution
Let f(X)=x*+2x+4 , f'(x)=2x+2
f'(x)  2x+2
f(x) X2+2x+4
2-2-4+16-16
Using Detached coefficient division, with the first few steps shown: 14244 ) 242
2+4+8
(If you cannot see clearly the pattern of the variables, you may -2-8
use long division.) _2_4-8
-4+8
—-4-8-16
16+16
16+ 32+ 64
-16-64

R RCROECEOS
f(x) x*+2x+4 X X X X X

ByResultl, Si=oa+p=-2 S=o’+p’=—4, S=a’+p=16, Sy=o’+p*=-16



Exercise 1

Can you verify the above results using Vieta'stheorem: x?+2x+4=0, a+B=—2,af=47?

Example 2

Let a,P,y betherootsof theequation x*—2x*+x—-1=0, find

1 1 1 1 1 1 1 1 1 1 1 1
T1:—+—+— y T2 :—2+—2+—2 3 —3+—3+—3 y T4:—4+—4+—4 N

a By a” BTy a’ BTy a BTy

Solution

Let f(x)= x*—2F+x—-1, f'(x)=3x*—4x+1.

1\’ 1\ 1
f'() _ 3x*-4x+1  1-4x+3x° (xj _A(xj +3(Xj

3 _ny2 1 1_ 2 3 3 2
f(x) x*-2x*+x-1 1-x+2x*>-X (1] _(1} +2(1]_1

X X X

1-3-2+5
Using Detached coefficient division, with the first few steps shown: 1-142-1 )1_4+3
1-1+2-1
(If you cannot see clearly the pattern of the variables, you may —3+1+1
use long division.) -3+3-6+3
-24+7-3
—24+42-4+42
5+1-2
weget ) g g ourimcis
f(x)
By Result 2, T1:£+1+E:1 , T2:i2+i2+i2:_3
a By a” BTy
1 1 1 1 1 1
T3:—3+—3+—3:—2 y T4:—4+—4+—4:5
a’ BTy a BTy

Exercise 2

Can you verify the above results using Vieta's theorem for the relation of roots and the polynomial equation:
=2 +x-1=0, a+B+y=2, of+Py+tya=1, apy=1?

(The verification may be long, but is agood algebra exercise.)



